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ABSTRACT 


This  report  examines  the  effects  of  multiplier  offset  voltages 
in  adaptive  arrays.  Multiplier  offset  voltages  arise  when  active 
circuits  are  used  to  implement  the  error -by-signal  multipliers  re- 
quired in  an  array  based  on  the  IMS  algorithm.  These  offset  voltages 
are  known  from  experimental  work  to  have  a strong  effect  on  array 
performance. 

It  is  first  shown  how  multiplier  offset  voltages  may  be  included 
In  the  differential  equations  for  the  arr2^y  weights.  Then  their  effect 
on  weight  behavior  is  studied.  It  is  found  that  the  offset  voltages 
affect  the  final  values  of  the  weights,  but  not  the  time  constants. 
Furthermore,  the  effect  they  have  is  influenced  by  the  amount  of 
element  noise  in  the  array.  An  adequate  amount  of  noise  is  necessary 
to  minimize  weight  errors  due  to  offset  voltages. 

An  example  is  treated  to  show  the  effect  of  offset  voltages  on 
the  final  array  weights  and  the  output  SNR.  With  offset  voltages 
present,  it  is  found  that  there  is  a maximum  SNR  that  can  be  obtained 
from  the  array.  A specific  input  SNR  is  required  to  obtain  this  maxi- 
mum output  SNR. 

Finally,  it  is  shown  that  a finite  operating  range  for  the  weights 
places  a further  restriction  on  the  acceptable  values  of  offset  volt- 
ages and  noise. 
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I.  INTRODUCTION 

Adaptive  arrays  have  been  under  investigation  for  several  years. 
Widrow,  et.al.[l],  suggested  the  IMS  algorithm  and  did  computer  simu- 
lations of  arrays  based  on  this  concept.  Shor[2]  and  Applebaum[3] 
have  also  discussed  closely  related  concepts.  An  early  experimental 
adaptive  array  was  built  by  Riegler  and  Compton[4].  Recently,  a 4- 
element  adaptive  array  was  constructed  and  used  to  perform  extensive 
pattern  measurements  with  elements  on  an  irregularly  shaped  surface 
[5,6].  Adaptive  array  techniques  applicable  to  spread  spectrum  com- 
munication systems  are  also  under  study[7  ,8,9,10,11]. 

Adaptive  arrays  based  on  the  IMS  algorithm  require  the  signal 
on  each  channel  of  the  array  to  be  multiplied  by  the  error  signal 
(the  difference  between  the  array  output  and  a reference  signal).  It 
has  been  found  experimentally  that  the  design  of  these  multipliers  is 
a critical  factor  in  obtaining  good  performance  from  the  array. 
Specifically,  the  problem  centers  around  the  presence  of  small  d-c  off- 
set voltages  at  the  outputs  of  the  multipliers.  These  offset  voltages 
are  unrelated  to  the  signals;  they  arise  because  the  multipliers  are 
implemented  with  active  circuit  devices.  (For  example,  in  an  array 
under  study  at  Ohio  State,  transconductance  multipliers  have  been  used. 
The  offset  voltages  are  due  to  imperfect  balancing  in  the  devices  and 
the  associated  circuits.)  Since  the  output  from  each  multiplier  goes 
directly  into  an  integrator  that  controls  an  array  weight,  the  offset 
voltages  cause  the  array  weights  to  be  in  error  and  thus  can  have  a 
strong  effect  on  array  performance.  Furthermore,  it  has  been  found  that 
the  effect  of  the  offsets  depends  on  tlie  amount  of  noise  present  in 
the  array.  A certain  amount  of  noise  seems  to  be  necessary  to  counter- 
act the  offsets. 

The  purpose  of  this  report  is  to  study  these  effects  from  a 
theoretical  standpoint.  In  Section  II,  we  show  how  the  offset  voltages 
may  be  included  in  the  differential  equations  for  the  weights,  and  what 
their  effect  on  the  weight  behavior  is.  It  is  found  that  the  form  of 
the  weight  transients  depends  on  whether  the  array  is  underconstrained 
or  not.  In  Section  III,  it  is  shown  that  the  array  is  underconstrained 
only  when  the  number  of  signals  incident  is  fewer  than  the  number  of 
elements  and  when  there  is  no  noise.  In  Section  IV,  a 2-element  array 
with  one  signal  incident  and  with  noise  is  analyzed  to  show  the  effects 
of  the  offset  voltages.  Finally,  in  Section  V,  we  discuss  the  fact 
that  the  array  weights  have  only  a finite  operating  range,  and  show 
how  this  limitation  imposes  a further  restraint  on  the  acceptable 
values  of  the  offsets  and  noise. 
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II.  THE  ANALYTICAL  SOLUTION 


The  general  configuration  of  an  N-element  adaptive  array  is  shown 
in  Fig.  1.  The  signal  from  each  element,  yWt),  is  split  into  in-phase 
and  quadrature  components  x^-(t).  Each  x-j(t)  is  weighted  by  a real  co- 
efficient w-j  and  then  summed  to  produce  the  array  output  s(  t) . The 
difference  between  the  array  output  and  a reference  signal  R( t) , which 
is  called  the  error  signal  e(t),  forms  the  input  to  a feedback  system 
that  adjusts  the  w.j . 


Fig.  1.  Adaptive  arreo'  structure. 

The  feedback  system  is  based  on  the  so-called  LMS  algorithm[l ,4]. 
Each  weight  is  adjusted  according  to 


(1) 


= - k v„  [c^(t)]  , 

i 
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where  Vy^^[e^(t)]  denotes  the  i-th  component  of  the  gradient  of  the 
mean-square  error  signal  e^(t).  Since  the  error  signal  is  given  by 


2N 

(2)  c(t)  = R(t)  - Wi  x,(t) 

i=l 


1 
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the  mean-square  error  is 


I 
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1 

J 


2N 


(3)  e2(t)  = R2(t)  - 2 I ^mt) 

i=l 


2N  2N 


+ I I WiWj  x^-(t)x;{t) 

i=l  j=l  '' 


Differentiating  Eq.  (3)  with  respect  to  w,  yields 


(4) 


W*| 


1 
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so  Eq.  (1)  becomes 


(5)  p.  = 2k  irmm 


Equation  (5)  leads  to  the  feedback  loop  structure  shown  in  Fig.  2. 

This  feedback  structure  has  been  the  basis  for  much  of  the  recent  work 
in  adaptive  arrays[5,6,7,8,9]. 


{ 
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The  overbar  here  represents  the  action  of  a low-pass  filter,  as  dis- 
cussed in  Reference  10,  page  5.  For  the  present  discussion,  it  is 
also  the  same  as  an  infinite  time  average. 
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SIGNALS  FROM 
OTHER  ELEMENTS 


When  the  feedback  system  shown  in  fig.  2 is  implemented,  it  is 
found  that  the  error-by-signal  multiplier  is  the  most  critical  part 
of  the  design  problem.  Ideally,  this  multiplier  should  generate  the 
product  e(t)x-((t).  In  practice,  a multiplier  using  active  circuit 
devices  is  found  to  be  subject  to  leakage  effects ..  non! i neari ties , and 
circuit  imbalances.  As  a result,  the  multiplier  output  may  contain 
terms  such  as  the  following: 

Multiplier  Output  = 6-j  + c(t)x^(t)  + c-]  x-j(t)  + C2  r{t) 


+ C3  x^  (t) 


+ C4  e (t) 


+ C5  Xi  (t)c(t)  + 


The  term  e(t)x-f{t)  is  the  desired  output  from  the  multiplier,  and  in 
a well-designed  circuit  is  the  dominant  term.  The  term  6i  is  a small 
d-c  voltage  unrelated  to  the  signals  x-j(t)  or  c(t).  We  refer  to  6i 
as  a Multiplier  Offset  Voltage.  We  will  see  below  that  this  term  can 
have  a strong  effect  on  array  performance.  The  physical  mechanism 
responsible  for  6-j  depends  on  the  type  of  multiplier  used.  A trans- 
conductance  multiplier  is  one  type  that  has  been  used[5,7],  for  example, 
and  in  this  case  the  offset  voltages  are  due  to  inadequate  balancing 
of  the  transistor  cells. 

The  terms  c-]X-j(t)  and  C2e(t)  represent  leakage  of  the  input  sig- 
nals into  the  multiplier  output.  Since  the  output  of  the  multiplier 
goes  directly  into  an  integrator,  only  those  multiplier  output  components 


4 


centered  around  zero  frequency  are  important.  In  adaptive  arrays  for 
radio  communications,  the  signals  x-j(t)  and  c(t)  are  bandlimited  signals 
at  a nonzero  carrier  frequency  and  thus  their  effect  on  the  multiplier 
output  can  be  ignored.* 

op  p 

Terms  such  as  C3X.,-  (t)  , C4£^(t)  , C5X^  (t)e(t)  , and  similar  higher 
order  terms,  result  from  nonl ineari ties  in  the  circuit  devices  used 
in  the  nultiplier.  Although  C3X^-^(t)  has  a d-c  component,  this  term 
has  been  found  to  be  negligible  in  practice.  If  it  were  not  negligible, 
however  , it  could  be  1 umped  together  with  6-j  for  purposes  of  the  present 

analysis.  The  term  C4t;2(t)  also  has  a d-c  component,  but  since  the 
error  signal  is  small  when  the  array  is  in  steady-state,  this  term  has 
no  effect  on  the  steady-state  performance.  Higher-order  terms  such  as 

C5x-j'^(t)E(t)  have  been  found  to  be  negligible  in  practice. 

Thus,  we  model  the  error-by-signal  multiplier  by  the  equation 


(6) 


Multiplier  Output  = 6^  + eTtJx i ( t ) 


Our  purpose  in  this  section  of  the  report  is  to  show  how  the  effects 
of  the  offset  voltages  6-j  may  be  analyzed. 

We  begin  by  examining  the  differential  equations  for  the  weights. 

If  the  output  of  each  error-by-signal  multiplier  in  the  array  is  of 
the  form  in  Eq.  (6)  , the  array  weights  satisfy  the  differential  equations 


(7) 


dw 


~ = 2k  [c(t)xi(t)  + 6^-] 


1 < i < 2N 


When  Eq.  (2)  is  used  to  substitute  for  E(t)  in  Eq.  (7),  and  all  terms 
involving  w^  are  collected  on  the  left,  it  is  found  that  the  weights 
satisfy  the  system  of  differential  equations 


dw^. 


2N 


2k  I [x.j(t)xj(t)]  Wj  = 2k  [R(t)xi(t)  + 6-j] 
j=l 


*In  adaptive  arrays  for  sonar  or  seismic  applications  where  baseband 
signals  are  processed  however,  these  terms  could  be  important. 
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We  define  the  matrices 


f- 


(9)  » = 


xi(t)x-](t)  xi(tTx2(t) 
X2(t)xi(t) 


V 


(10)  s - 


R{t)xi(t) 

R(t)x2(t) 


A 


I 


(11)  w= 


and 


V-  ! 


(12)  4 » 


L\ 


Then  Eq.  (8)  may  be  written  in  matrix  form  as 


(13)  ^ + 2kow  = 2k[S  + a] 


Clearly  a (which  we  call  the  "offset  voltage  vector")  plays  the  same 
role  in  the  differential  equations  for  the  weights  as  does  the  vector 
S,  the  correlation  between  the  reference  signal  and  the  array  signals. 


6 


Let  us  consider  the  transient  response  of  Eq.  (13). 
make  a rotation  of  coordinates  into  the  principal  axes  of 


(14)  w = Rn  , 


where  R is  a 2N  x 2N  orthogonal  coordinate  rotation  matrix, 


L 


(15)  R = 


ni  ^2 

r2l 


A 


and 


(16) 


( 


n - 


represents  a new  system  of  coordinates  for  the  weights.  B 
Eq.  (14)  into  Eq.  (13)  and  multiplying  on  the  left  by  R"^ , 
becomes 


(17)  ^ + 2k  [R-1  $ R]n  = 2k  R"''  [S  + a] 


If  R is  chosen  so  R"^$R  is  diagonal. 


First,  we 
. Let 


’ substi tuti ng 
Eq.  (13) 


then  the  coTiponents  of  n lie  along  the  principle  axes  of  and  the 
system  of  equations  (17)  is  uncoupled.  We  define 


(19)  P = R-ls  = 


and 


/p,^ 

P2 

v-y 


(20) 


Q = R-''a  = 


>'2 

V7 


and  Eq.  (17)  becomes  simply 


(21)  ^ + 2kAn  = 2k  [P  + Q] 


We  refer  to  the  components  of  n as  the  "normal  weights"  in  the  array. 

The  form  of  the  general  solution  to  Eq.  (21)  depends  on  the  matrix 
4>.  Since  o is  real  and  symmetric,  its  eigenvalues  are  necessarily  real. 
Furthermore,  4>  is  non-negative  definite.  To  see  this,  we  note  that  the 
mean-square  error  in  Eq.  (3)  may  be  written  in  matrix  form  as 


(22)  e2(t)  = R^(t)  - 2w''’s  + w''’«-w 


(Superscript  T denotes  the  transpose.)  This  may  be , rearranged[10]  into 
the  form 


(23)  e^(t)  = E^in  (w  - Wp,.jp)^  (w  - 
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where 


(24)  = R2(t)  - sVs 


(25) 


W - “ O” ^ S 

'^min  ^ 


p p 

(^min  minimum  value  E'^(t)  for  any  weight  w,  and  w^^^^  is  the 

value  of  w yielding  e^(t)  = £m-ip,.)  Since  c^(t)  is  the  square  of  a 
real  quantity,  it  cannot  be  negative,  and  thus  the  eigenvalues  of 
cannot  be  negative . Otherwise,  large  enough  values  of  w-w^ip  would 

yield  negative  c^( t) . 


Since  none  of  the  eigenvalues  of  o can  be  negative,  the  solutions 
to  Eq.  (21)  will  not  contain  any  exponentially  growing  terms.  Some  of 
the  eigenvalues  can  be  zero  ($  can  be  singular),  however,  when  there 
is  no  noise  in  the  array.  The  solutions  to  Eq.  (21)  will  be  differ- 
ent with  zero  eigenvalues  (<t  singular)  than  with  all  nonzero  eigen- 
values ($  nonsingular). 

When  some  of  the  eigenvalues  are  zero,  the  system  in  Eq.  (21) 
will  contain  two  types  of  differential  equations.  The  associated 
with  nonzero  will  satisfy  equations  of  the  type 


dn. 


(26)  ^ + 2kXini  = 2k(pi  + q^-) 


These  have  solutions  of  the  form 


(27)  ni(t)  = Ai  e + 


-2kXit  p^-  + qi 


The  constants  of  integration  A-j  are  found  from  the  initial  values  of 
ri.j(t)  at  t=0: 
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(28) 


Ai  = ni(0)  - 


Pj  + qi 


For  these  nj(t),  the  effect  of  the  offset  voltages  6.;  (v^hich  are  trans- 
formed Into  the  q-j)  is  to  alter  the  steady-state  solutions  of  the 
weights,  given  by 


(29)  ni(«>)  = 


The  n-j  associated  with  zero  eigenvalues,  on  the  other  hand, 
satisfy  equations  of  the  form 


dn. 

(30)  = 2k(pi  + qi) 


for  which  the  solutions  are  simply 


(31)  n^-(t)  = A^-  + 2k(p,-  + q^-)t 

Again,  the  constants  A<  are  determined  from  the  initial  values  of  the 

ni(t): 

(32)  A^  = n^(0) 


The  effect  of  the  q-  terms  here  is  to  alter  the  slope  of  the  ramp 
functions  in  n-j(t). 

Thus,  the  offset  voltages  affect  the  final  values  of  the  normal 
weights  associated  with  nonzero  eigenvalues,  and  affect  the  slopes  of 
the  ramp  response  terms  for  normal  weights  associated  with  zero  eigen- 
values. We  note  that  if  any  of  the  eigenvalues  are  zero,  the  array 
weights  never  reach  a steady-state  condition,  because  the  ramp  functions 
continue  indefini tely . Since  w is  related  to  n by  Eq.  (U),  we  see 
that  in  general  each  of  the  weights  w^  will  contain  both  damped  expon- 
ential terms  and  linear  ramp  function  terms. 
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For  the  case  where  all  of  the  A-j  are  nonzero  (o  nonsingular)  all 
of  the  normal  weights  ni  will  satisfy  Eg.  (26).  The  ramp  response 
terms  will  not  be  present  in  the  solution  for  the  weights. 

When  4>  is  nonsinmlar  , the  weights  approach  a steady-state  solution 
Wgj,  which  may  be  found  directly  from  Eq.  (13)  : 


(33)  wss  = + A] 


(Since  <f  is  nonsingular,  its  inverse  exists.)  We  note  that  in  the 
absence  of  multiplier  offset  voltages  , the  steady-state  weight  vector 
would  be  Wn,-jn  = 4>"ls,  as  given  in  Eq.  (25).  Hence  the  offset  voltages 
shift  the  weights  from  their  optimum  point  by  an  amount  $“'A.  Sub- 
stituting 


(34) 

into  Eq. 

(35) 


(23)  shows  that  the  steady-state  mean-square  error  will  be 


^ss^(^)  ~ ^min^ 


i.e..  the  offset  voltages  increase  the  mean-square  error  by  an  amount 
aTo"1a  over  its  value  with  the  optimum  weights.  Since  the  steady-state 
mean-square  error  signal  is  closely  related  to  interference  null  depths 
and  output  signal-to-noise  ratio  (SNR),  the  effect  of  this  term  is  to 
lower  the  interference  rejection  of  the  array  or  to  lower  the  output 
SNR.  Whether  this  change  is  sianifi cant  or  not  depends  on  the  values 
of  A and  4>,  and  also  the  value  of  emin^.  We  consider  an  example  in 
Section  IV. 

It  is  interesting  that  the  steady-state  weights  in  Eq.  (33) 
result  in  zero  output  voltages  from  the  error-by-signal  multipliers. 

To  see  this,  we  note  that  the  steady-state  error  signal  is 


(36)  ess(t)  = R(t)  - Wss 


* 
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where 


(37) 


X = 


X2(t) 

V • 


Since  the  output  of  the  i-th  multiplier  is  e(t)x'j (t)  + 6-j , the  steady- 
state  output  of  the  multipliers,  expressed  in  vector  form,  is 


(38) 


Xcss( ^ ” XR(t)  - xx"^  Wgg  + A = S -<l>  W55  + A 


But  substituting  for  with  Eq.  (33)  yields 


(39)  Xe53(t)  + A = S - [S  + a]  + A = 0 


All  the  multiplier  outputs  are  zero  in  the  steady-state.* 

Physically,  the  steady-  state  error  signal  has  just  the  right 
value  that  the  product  e(t)x-,-(t)  at  the  output  of  each  multiplier 
cancels  the  offset  voltage  6-j,  This  means  that  the  residual  error 
signal,  ess(T).  is  larger  than  its  minimum  possible  value,  by  an 
amount  determined  by  the  offset  voltages.  Of  course,  the  larger 
this  residual  error  signal,  the  larger  the  amount  of  interference  in 
the  array  output,  and  the  less  the  interference  protection  of  the  array. 


*This  analysis  treats  only  average  values.  In  actual  fact,  when  there 
is  noise  present  the  multiplier  output  is  the  product  of  two  random 
processes.  Thus  its  spectrum  contains  an  impulse  function  at  d-c  plus 
continuous  frequency  components  over  a finite  band.  The  above  analysis 
considers  only  the  d-c  term. 
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TluiS,  to  summarize,  we  find  that  when  'i'  is  singular,  the  weights 
do  not  have  a steady-state  solution.  Tliey  increase  without  limit, 
owing  to  ramp  functions  in  the  solution.  When  g'  is  nonsingular,  the 
weights  have  a steady-state  solution  given  by  Eq.  (33).  The  solution 
causes  the  mean-square  error  signal  to  be  larger  than  its  optimum  value 
by  an  amount  The  residual  error  signal  is  just  sufficient  for 

the  error-by-signal  product  at  the  output  of  each  multiplier  to  cancel 
the  offset  voltage. 


Ill,  SINGULARITY  OF 


Having  shown  that  the  form  of  the  solution  to  Eq.  (13)  depends 
on  whether  is  singular  or  not,  we  next  discuss  the  conditions  under 
which  $ is  singular. 


For  <!>  to  be  singular,  two  conditions  are  necessary.  First,  there 
must  be  no  element  noise  in  the  signals  x.j(t),  and  second,  the  array 
must  be  underconstrained. 


Consider  first  the  effect  of  signals  incident  on  the  array.  It 
has  been  shown  in  a previous  report[12]  that  in  the  absence  of  element 
noise,  the  rank  of  4>  is  equal  to  twice  the  number  of  signals  incident 
on  the  array.  In  an  N-element  array,  <!>  is  of  order  2N  x 2N,  and  thus 
the  rank  of  $ will  be  less  than  2N  whenever  there  are  fewer  than  N 
signals  incident  on  the  array.  In  this  case,  « is  singular  and  we 
say  the  array  is  underconstrained. 

Next  consider  the  effect  of  element  noise.  By  "element  noise", 
we  mean  noise  due  to  RF  components  (e.g.,  mixers)  behind  each  element 
of  the  array.  This  type  of  noise  is  incoherent  from  one  element  to 
the  next.  Element  noise  does  not  refer  to  a directional  noise  signal 
received  by  the  array;  such  noise  would  be  highly  correlated  between 
elements . 


When  element  noise  is  present,  we  have 


(40)  Xi(t)  = n^(t)  + Si(t) 


where  n^-(t)  is  the  noise  component  and  s.j(t)  is  the  received  signal 
component  of  Xi(t).  When  this  x,-(t)  is  substituted  into  Eq.  (9), 
is  found  to  be 


(41)  <>  = = Op^I  + 4-g 
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(we  assume  all  n-j(t)  have  the  same  mean-square  valv-e),  and  I denotes 
the  identity  matrix.  To  derive  Eq.  (41),  we  have  made  use  of  the 
assumption  that 


(43)  ni(t)nj(t)  =0  for  i j 
and 


(44)  ni(t)Sj(t)  = 0 for  all  i , j . 


Equation  (43)  follows  because  the  noise  signals  are  uncorrelated  be- 
tween elements  and  also  two  n-j(t)  associated  with  the  same  element  have 
carriers  that  are  in  quadrature.  Equation  (44)  follows  because  the 
noise  and  signal  components  are  independent. 

O5  is  due  to  signal  alone.  It  is  singular  if  the  array  is  under- 
constrained,  as  mentioned  above.  It  is  also  non-negative  definite  -- 
none  of  its  eigenvalues  can  be  negative.  Since  the  matrix  0^2 i is 
unaffected  by  a transformation  of  the  type  R-i(on2l)R  = an^^»  same 
orthogonal  matrix  that  diagonalizes  <?s  will  diagonalize  •Js+n  • Hence 
each  eigenvalue  of  «>s+n  '’^^st  be  equal  to  plus  the  corresponding 
eigenvalue  of  <>5.  Since  none  of  the  eigenvalues  of  can  be  negative 
(and  of  course  on^  > 0),  <>5+^,  cannot  be  singular. 

Thus,  we  have  shown  that  cannot  be  singular  except  when  there 
is  no  element  noise  and  the  array  is  underconstrained. 


IV.  AtN  EXAMPLE 

Now  let  us  consider  a simple  example.  Suppose  ive  have  a 2 
element  arrc.y,  as  shown  in  Fig.  3.  Suppose  there  is  one  CW  signal 
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Fig.  3.  A two-element  array. 


inci^nt  on  the  array  from  angle  e-|  with  respect  to  broadside.  Initially, 
we  will  assume  there  is  no  noise.  The  element  signals  are  given  by* 


(45)  yi(t)  = ✓?  a cos[io^t  - >)>^] 

(46)  y2(t)  = a cos[u)^t] 
where 


*The  'factor  /I  is  included  to  make  the  in-phase  and  quadrature  signals 
in  Eqs.  (48)  - (51)  have  unit  amplitude. 


(47) 


•i-[  ^ sinO] 

(L  is  the  element  spacing  and  Xq  is  the  free-space  wavelength.)  The 
in-phase  and  quadrature  signals  are 

(48)  xi(t)  = s-](t)  = a cos[w]t  - , 

(49)  X2(t)  = S2(t)  = a sin[uit  - <{i-i]  , 

(50)  X3(t)  = S3(t)  = a cos[o)-|t]  , 
and 

(51)  X4(t)  = S4(t)  = a sin[u^t] 

Substituting  these  into  Eq.  (9)  yields  for  «>: 


i 


(The  subscript  s indicates  that  this  matrix  applies  when  only  signal 
is  present.)  This  matrix  has  been  studied  previously  in  Reference  10. 
An  orthogonal  coordinate  rotation  matrix  that  diagonalizes  o,.  is  given 
by  ^ 


(53) 


R = 


/2 


V 


- COS<j>] 

sine})-] 
1 
0 


-sin<!i] 
- cos4i] 
0 
1 


C0S<?1 

sin(?i 

1 

0 


simj)-] 

COSiJ>^ 

0 

1 , 


The  product  R"^«>5R  is  found  to  be 


(54)^ 


R'^^R  = A3  = 


V 


0 

0 

0 

0 


0 

0 

a^ 

0 


\ 


y 


p p 

so  the  eigenvalues  of  are  0,  0,  a'^,  and  a . Since  has  two  zero 
eigenvalues  and  two  nonzero  eigenvalues,  it  is  of  rank  2 (twice  the 
number  of  signals) . 


Suppose  furthermore  that  the  reference  signal  is  given  by 


(55)  R(t)  = coscj^t 


In  other  words,  R(t)  is  a signal  coherent  with  the  incoming  signal. 
(The  incoming  signal  is  "desired".)  Then  the  vector  S in  Eq.  (10)  is 
found  to  be 


*Since  R is  an  orthogonal  matrix,  R^  = R“^ . 
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The  weights  w^-  satisfy  the  system  in  Eq.  (13): 


(57)  ^ + 2ko^w  = 2k[S  + a] 


Making  the  coordinate  rotation  in  Eq.  (14)  yields  the  equivalent  system 
of  Eq.  (21) 


(58)  ^ + 2kAsn  = 2kRT[S  + a]  = 2k[P  + Q] 


or 


("A 

O 

o 

o 

o 

f '’A 

1 Pi  + Pl\ 

(59)  J 

^2 

+ 2k 

0 0 0 0 

02 

= 2k 

P2  + q2 

i 

0 0 a^  0 

H3 

P3  + ^3 

vW 

i^o  0 0 &y 

\hJ 

* "4  / 

The  vector  P = R^S  is  found  to  be 
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(60) 


/Pl\ 

P2 

1 

P3 

' ^ 

vv 

/-cost;>^ 

siniji-] 

f 

-cos^>i 

cos  (j)"! 

-sin«jii 

^sin^^ 

COSi}>-] 

1 

0 

1 


0 1 


a cos^.^ 

sin^T 

a 
5* 

0 


/O  \ 

0 

a/r/T 

0 I 


so  the  system  in  Eq.  (59)  yields  the  four  uncoupled  equations, 
(61) 

(62) 

(63) 


dni 

air  = 2kq^ 

dr]  2 

dT  = ^''^2 


dn- 


dt 


+ 2ka2ri3  = 2k 


and 


(64)  ^ + 2kaS4  = 2kq4 


The  solutions  are 


(65) 

ni  (t) 

(66) 

H2(T) 

(67) 

H3(t) 

„3(0)  (^*,3 


,-2ka  t ^ ]_ 


a ^ 

L/z 
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and 


(68) 


n4(t) 


n4(0) 


g-Zka^t 


+ 


14 

2 


where  the  terms  ni(0)  denote  the  initial  values  of  ni(t)  at  t=0. 
These  initial  values  are  found  from  the  initial  values  of  the  w-j , 
according  to  the  inverse  relation  to  Eq.  (14): 


(69)  n = R^w 


In  order  to  be  specific,  let  us  assume  that  the  initial  values  of  the 
are 


(70) 


/w-,(o)N^ 

f'\ 

0 

W3(0) 

0 

/ 

Then  we  find  from  Eq.  (69) 


(71) 


/ni(O)'^ 

,-COS((.A 

H2(0) 

-sin(j)-j 

03(0) 

, C0S<{.^ 

yn4(0)  J 

ysinc^l  / 

Thus,  Eqs.  (65)  - (68)  become 

C0S41-1 

(72)  m(t)  = - + 2kq,t 
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(73) 

n2(t)  = - 

(74) 

H3(t)  = 

and 

(75) 

n4(t)  = 

siii(;)1 


2kq2t 


- ^ f— t q,ll  + 4-  fi_  + 


The  array  weights  can  now  be  found  by  applying  the  transformation 
of  Eg.  (14)  again: 


w^(t) 

W2(t) 

W3(t) 

,W4(t) 


/ 

/ - COS(f>i 

-sin4i-j 

COS((ii 

sin«^\  / 

sini})-] 

-COS({ii 

-sin(j)i 

COS^-] 

1 

0 

1 

“ I 

V “ 

1 

0 

' / \ 

H2(  t) 
H3(t) 


The  result  is 


Wi(t)  = j K(6-]  - coS(j)^  63  - sin(}>-]  64)t 


fl  1 

+ ^ - "2^ 2 ('^1  ^^"'i’1‘54)  e' 

L 2a 


COS(}>i  1 

— + ~ («1  + cos<>i63  + sin(}.i64) 

2 d 
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(78) 


(79) 


and 


'>2it)  = K(62  + sin<}i]63  - coS({)']6^)t 


+ |_“7r^  ^ ^"^2  + sin<^i63  - cos«t64) 


-2ka2t 


sin(j>^  •] 


2a 


- - (-62  + sin(j)^62  - coS(}>-]6^) 

2 3 


cos*})-] 


Ws(t)  = — + K( -coS(ji-] 6-j  + sin<})-]52  + 63)  t 


COSi|i-|  1 


2 y (a  + C0S(j)-]6i  ■ sin^T]62  + 63) 

2d 


-2ka^t 


1 


+ -~2  (a  + cos<ji']6i  - sin4i-]62  + 63) 


sin(j)i 


(80)  w^(t)  = — + K(-  sin4>i6-|  - cos<}>^<S2  + 6^)t 


sin(fii  -j 

~2 — 2 C0S(j)i62  + 64) 

2d 


.-2ka2t 


+ — (sin({>^6^  + coS(|.i62  + 6^) 

2d 


where  we  hdve  used  Eq.  (20) 


(81)  Q = R^a 


to  substitute  for  the  q^-  in  Eqs.  (72)  - (75). 
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The  effect  of  the  multiplier  offset  voltages  can  now  be  seen. 
First,  if  these  voltages  were  zero,  the  solution  would  be  simply 


(82) 


u rtl  ^ 1 1 -2ka^t  , 

wi(t)  "2  ^(2  ■"ir'J  ^ 


(83) 


^ ~2a'^~  (e-2ka2t  _ •]) 


(84) 


„3(t)  (e-2ka2t.  ,j 


and 


(85) 


«4(t)  = — ~ (e-2ka2t  _ 


1) 


In  the  steady-state,  after  the  transient  has  died  out,  the  weights 
would  have  the  values 


(86) 

W]  (”) 

.j  cos<!)i 

(87) 

W2(") 

sin(>i 
' 2a 

(88) 

W3(“>) 

C0S4.-] 

and 

(89) 

W^(”) 

sin({ii 

■ 2 
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The  array  output  signal  would  be 


(90) 


4 / cos^.-,  ^ 

s(t)  = WiXi(t)  = ^2  — J ^ ■ ‘•‘’l^ 


sin<>-,  [ cosCi-]  ] 

~2^ j ^ sin(w^t  -<>])  + 


2 ^ 1 ^ cosu-jt 


sin(;,1 


a sinu)-|t  = cosojit 


This  matches  the  reference  signal  in  Eq.  (55)  exactly,  so  the  steady- 
state  mean-square  error  ess^('*^)  is  zero. 

When  multiplier  offset  voltages  are  present,  each  of  the  weights 
in  Eqs.  (77)  - (80)  contains  a term  that  is  linear  with  time.  In  that 
case,  there  is  no  steady-state  solution.  Each  of  the  weights  increases 
without  limit.  (In  a practical  array,  each  weight  has  a finite  oper- 
ating range  over  which  it  can  vary.  A weight  will  increase  until  it 
hits  its  maximum  or  minimum  value.  More  will  be  said  of  this  later.) 


Next  let  us  suppose  that  noise  is  present  on  each  of  the  signals 


X-j(t). 

Instead 

of  Eqs. 

(48) 

- (51), 

we  wri 

(91) 

X](t) 

= n](t) 

+ a 

COs[w]t  - 

■ <f>il 

(92) 

X2(t) 

= n2(t) 

+ a 

sin[wit  - 

■ «l] 

(93) 

X3(t) 

= n3(t) 

+ a 

cos[wit] 

(94) 

X4(t) 

= 04(t) 

+ a 

sin[u-]t] 

The  noise  signals  have  average  power 
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(95) 


and  are  uncorrelated  from  one  channel  to  the  next. 


(96)  Hi(t)nj(t)  = 0 for  i f j 


When  Eqs.  (91)  - (94)  are  substituted  into  Eq,  (9),  y is  found  to  be 
the  sa.T^  as  in  Eq.  (52)  except  that  an  extra  term  0^^!  is  added  to  the 
diagonal  terms,  as  discussed  in  Section  III. 


(97)  <l>5^.p  - + <i>j 


where  I is  the  identity  matrix.  The  subscript  "s+n"  indicates  that 
both  signal  and  noise  are  present. 

Since  the  matrix  will  be  unaffected  by  the  di agonal izati on 
transformation  R"*4>5+  R,  the  same  matrix  R as  given  in  Eq.  (53)  will 
also  diagonalize  result  is 


(98) 


'^"'^s+n*^  " R^[on‘^l+'5’s]8  = ' 


0 
0 
0 


V 


"n 

0 


0 

0 

2+.2 


on^+a 


2 2 
On  +a^ 


y 


Because  of  the  noise  terms,  this  matrix  is  no  longer  singular. 

The  differential  equation  for  the  weights,  Eq.  (13),  becomes 


(99)  — + 2K.J5+^w  = 2k[S  + A] 
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Apply7ng  the  transformation  in  Eq.  (14)  yields  Eq.  (21).  which  now  has 
the  form. 


(100)  2k[on2l  + As]n  = 2k[P  + Q]  . 

Making  use  of  Eqs.  (60)  and  (98)  yields  for  the  four  n-j  equations 
OOT)  dt^  2kOf,2n-]  = 2kq^  , 

(102)  ^ + 2kap^n2  = 2kq2 

(103)  ^ ^ = 2k  t ,3]  . 

and 

(104)  2k(an2+a2)n4  = 2kq4 


The  solutions  are 

005)  m(t)  = 

006)  r,2(t)  = 

(^07)  n3(t)  = 


ni(0)  - 


02(0) 


113(0)  - 


qi 


■J' 

e 

on2  j 

q3+a//2" 

On^-+a2  _ 

-2kap2t  ^ 

^ °n2 


-2kop2t  q 
+ 


-2k(a^2+a2)t  q3+a/,/^ 

e 
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(103)  „,(t)  . L(o)  . ^-2k(<.„2*a2)t  ^ q,, 

q„2*a2 

« Oeforq  (see  Eqs.  (70) 


(109)  n,(t)  = C 1L]  ^ ^ 


(110)  n2(t) 


(111)  n3(t)  = 


[ /2' 

sin4>i 

2 

-> 

' cos4>i 

q3+a//2 

. 

on^+a2 

r sin4>^ 

q4 

(112)  n4(t)  = -^1  -2k(crn2+a2)t 

L ^ an2.a2J  " 


reSliJ^thrS-  with^Jhe  JV^irobtairJ^f  '"Vh 

the  w/s.  ’ complete  solution  for 

(113)  w^(t)  = ^ + _L^  (-  6^+52  0054,1+64  siniM)]  e ^ 

r 2a„^  I 


cos4>^ 


2(o„2-fa^)  2(„„2*a2)  ^’"*'>1 

-2k(o^^+a^)t 


— (-  61+63  coS(j)i  +64  sin<(ii)  + 

1 2(a^2+^2) 


[ 

L. 


013) 

cont. 


0/  ^^1  ^ ^3  + <54  sinc,^) 


2 

(114)  W2(t)  = - (62  + 63  sin(>-]  - 64  cos<f.-])e  " 

2on 


a sln  , 1 

2(a  2+-2r^  0/  2.;,2/'^2‘'^3  -«4  cos?>0:  e 

+c  } 2(a^  xa  ) j 


-2k(or,2+a2)^^ 


+ (62+63  sin(>-]  -64  cosij-]) 

2 a, 


a sin 


'^1 


2(op^+a2) 


2.  2'  ^’"^1  -<54  cos<^t) 

2va^'^+a‘^; 


COS<> 


(115)  „3(t)  = ;.  ' (. 


1^-  2 ’ 2o  2 '■‘^1  ■^'^2  +<53] 


-2ka^^l 


+ (-5]  cosi^l  +62  sinij)-]  +63) 


00541  ■ 


L ^ ■ 2(o„2+a2)  ■ 2(„„2*a2) 

-2k(ap^+a2)t 


* 2(»„2*a2)  * F(„„la^) 


and 


2S 


(‘ID)  w^Cc)  - !-  2 - , (-fi-i  sin«i  -62  cosc^i  +64)1  e 

L ZaJ- 


■*■  —■  2 (“'5]  sin>^-]  - &2  cosifi-]  +64)  + 


2a^ 


* L 


r siriij-] 


, ? 9 ('^l  ■*■<52  cos<?i  ■*■<54)1  e 

2(an^-^a^)  J 


Zk(cr-^->-^^ 


I 


* of  Z Z\  '^'^2  ■*■'^4) 

2(Of^  +0  ) 

The  effect  of  the  noise  and  the  offset  voltages  can  now  be  seen. 

_ Firs'c,  suppose  there  are  no  offset  voltages  present.  Then  ohe 
weights  become 


017)  w,(t)-ie'''“"%ri.  1 

^ [2  2(an2+a^)_ 


-2k(of,^+a^)  t 


cosb] 


Zia^^+a^) 


(118)  W2(t)  = 


^ sin<?i  -2k(a^2+^2)t  ^ sine-. 


2(o/+a2) 


2(a„2_32) 


(119)  W3(t) 


cosei  -2kon^t 


COS  <J» 


1 ^ 1 -2k(on2+a2)t 


2(an^)J 


I e 


Z{d  ^+a^) 
n 


+ 


and 


sin^T  - 2kc„2t  sin^T  -2k(c,2+a2)t 
(120)  W4(t)  = - 2 — e + — 2 — e 


The  final  values  of  these  weights  are  given  by 


(121)  w-i(<»)  = 


cos<;)1 


2(0^2^) 


(122)  W2(“>)  = - 


a sin({)-] 

2(on2+a2) 


(123)  W3(-)  = 


2(0p^+a2) 


(124)  W4(«>)  = 0 


The  desired  part  of  the  array  output  is  then 


COSc^)-] 


(125)  s(t)  = I w^(co)s-(t)  = 1— r-[a  cos(unt  - <^^)] 

i=l  2(o^2+a2)  1 


a sin<|)-j 

— — la  sin(o.-,t  - ,^i)]+  [a  cos(u)-,t)] 

2(o,2+a2)  2(o,2+a2) 


0n^+a2 


COSw]  t 
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It  is  interesting  that  because  of  the  noise,  the  array  output  ^oos  not 
match  the  reference  signal  exactly.  The  amplitudes  differ  by  the  f.ictor 

a^/on^+a^ . Although  this  is  almost  unity  u'hen  the  noise  is  small,  i: 
can  be  substantially  less  than  unity  if  is  largo.  Sasi cal ly,  the 

array  makes  a compromise  betv.'een  the  contri.  ions  to  i-2(t)  v.ue  to  the 
noise  and  those  due  to  the  signal.  A weighu  setting  tnat  would  cuuse 
the  dosirocl  output  to  match  the  reference  signal  exactly  would  result 
in  a larger  totd  meaii-square  error,  because  of  the  noise. 

It  is  also  ..'.teresting  to  compute  the  signal-'..o-r.oise  ratio  at 
the  array  output  and  in  the  error  signal.  Since  the  noise  signals  on 
each  channel  are  incoherent,  the  total  noise  power  in  tne  array  output, 
Nq,  is  the  sum  of  the  noise  powers  from  each  element: 


(126)  Mq  = Op  y 

i=l 


-2  2 
“ °n 


The  signal  power  at  the  array  output  is 


(127) 


Hence  the  signal-to-noise  ratio  (SNR)  is 


Sn  2 

(128)  =-ii- 

' 0 


This  is  the  maximum  SNR  it  is  possible  to  obtain  with  this  array  and 
the  given  signals.*  Hence  we  see  that  minimum.  c^( t)  corresponds  to 

*The  maximum  SNR  that  can  be  obtained  for  an  array  of  N elements  is 
N 

I (SNR)j,  where  (SNR)i  is  the  SNR  on  the  i-th  element  (see  Reference  13, 

i = l 9 ? 

Eq.  (25)).  The  SNR  on  each  element  in  tnis  example  is  a^/2o,/. 
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maximum  SNR,  and  in  the  absence  of  offset  voltages,  this  condition  is 
achieved  by  the  array.  Also,  we  observe  that  the  desired  signal  portion 
of  the  error  signal,  is 


(129) 


es(t)  = R(t)  - 


Wi(“)s.j(t) 


= COSoi-jt 


On^+a^ 


COSoJi  t 


COScoi  t 
2+a2  ‘ 


ar,^+a 


Hence  the  desired  signal  power  in  the  error  signal  is 


(130)  c,2(t)  . ’ "" 


2 


Since 
in 


the 


noise  power  in  the  error  signal,  e„^(t),  is 
the  array  output,  the  SNR  in  the  error  signal 


IS 


the  same  as  that 


(131) 


cr)^(t)  a^ 


the  reciprocal  of  the  SNR  at  the  arr^  output, 
effects  have  been  noted  previously  by  Zahm[ui. 


Similar  SNR  inversion 


Eqs. 

by 


Now  we  examine  the  weights  when  offset 
(113)  - (116),  the  steady-state  weights 


voltages  are  present.  From 
in  this  case  will  be  given 
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(132)  wi(-) 


(133)  W2(“)  = - 


(134)  W3(“>)  = 


a cosij)-] 

1 

2(a,V) 

2an^(on2+a2) 

(62  COS 4>*j 

2an^(on^+a2) 

a sin>i)i 

2op2+a2 

a2 

- (6^  sin(?i  -64 

a 

— 0—  ;r--  (<5 

2(a„2+a2)  2on2(a„2+a2) 


and 


2op^+a^ 


+ a^)  ^ 


2 2a  ^+a^ 

(135)  W4(-)  = - / (6t  sin<>,  + 63  cos<i>-])  + « 5 — 

2a,2(a,2+a2)  > • ^ ‘ 2aJ{^^) 


The  last  two  terms  in  each  of  these  expressions  represent  the  change 
in  the  weight,  away  from  its  optimum  point,  because  of  the  offset 
voltages.  Whether  this  change  is  significant  depends,  of  course,  on 
the  values  of  the  various  coefficients.  Clearly,  both 


(136) 


2an^(on^+a2) 


+ 00 


and 
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(137) 


+ 00 


Thus,  the  offset  voltage  terms  will  dominate  the  final  weights  if 
is  small  enough.  VJhen  the  final  weights  are  different  tnan  the  values 
in  Eqs.  (121)  - (124),  the  SiNR  at  the  array  output  will  obviously  be 
poorer  than  in  Eq.  (128). 

To  obtain  good  performance  from  the  array,  it  will  be  necessary 
to  keep  the  last  two  terms  in  Eqs.  (132)  - (135)  small.  If  tne  values 
of  and  a are  given,  the  multiplier  circuits  must  perform  so  that 

the  6-j  are  small  enough  that  they  have  only  a minor  effect  on  the 
final  wei ght  setti ng. 

In  practice,  however,  the  opposite  problem  is  sometimes  true. 
After  the  array  is  built,  it  is  found  that  the  offset  voltage  can  be 
held  only  to  within  certain  values.  One  is  then  faced  with  certain 
offset  voltages,  and  the  problem  is  to  choose  the  noise  level  in  the 
array  so  good  performance  results.  Consider,  for  example,  the  problem 
of  keeping  the  last  tavo  terms  in  Eq.  (132)  ^mall  compared  with  the 
first  term.  Suppose  the  offset  voltages  can  be  held  only  to  within  a 
value  D: 


(139)  1 6-j  I D for  all  i 


(Note  that  the  quantity  63  cosij>-.  + 64  sinijii  is  just  a coordinate 
rotation  in  the  offsets  63  and  64,  so  we  also  assume  163  cosi^-|  + 

64  sinij-jj  D.)  Therefore  the  last  two  terms  of  Eq.  (l32)  are  bounded 

by  the  quantity 


(140) 


2a^^(on^+a^)  2on^(an^+a^) 


an^+a^ 

aff(anW) 


To  keep  this  small  compared  to  the  first  term  in  Eq . (132),  we  must 
keep  the  ratio 
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L 


041) 


3 


a cost^i 

2[a^+^ ) 


on^+a^  2D 
^2  a cosc^i 


small . 


This  ratio  is  shown  plotted  versus  an 


2 


in  Fig. 


4. 


Fig.  4.  Tradeoff  between  offset  voltages  and 
output  SNR. 


It  is  seen  that  keeping  the  offset  terms  small  will  require  the  poise 
to  be  larger  than  some  minimum  amount.  On  the  other  hand,  as 
increases,  the  SNR  at  the  array  output  (a^/on^)  drops.  Thus,  must 
be  chosen  to  comipromise  between  these  conflicting  requirements.  There 
is  a finite  range  of  values  for  an^  where  suitable  array  performance 
is  obtained.  This  fact  has  frequently  been  observed  experimental ly 
(see  Reference  6,  page  8).  In  general , the  larger  the  value  of  D,  the 
smaller  will  be  the  allowed  range  of  on^.  If  D is  high  enough,  values 
of  yielding  good  weight  values  will  result  in  too  low  an  SNR  for 
the  cominuni cation  system. 

Now  let  us  compute  the  SNR  at  the  array  output  when  offset  volt- 
ages are  present.  The  desired  signal  output  is  given  by 


4 

(142)  Desired  Signal  Output  = T w.;(<»)s,-( t) 

i=l 
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Using  Eqs.  (48)  and  (132)  - (135)  to  evauate  this  yields 


(143) 


4 

I w^(«>)s.(t)  = 
i=l 


a2 

0^2+a 


2 


coS(})-]  -62  sin?.-]  +63)1 


COSu/ ] t 


+ 


- (6]  sin,;,-]  +02  cos,?]  -*-54)1 


V.'a  see  that  not  only  is  the  amplitude  of  the  desired  signal  changed  by 
the  offsets,  but  also  a quadrature  component  (sin,„]t)  nov/  appears  at 
the  output  as  well.*  The  total  signal  pov;er  aa  tne  array  output  may 
be  computed  from  Eq . (143),  with  the  result 


*This  fact  has  certain  implications  for  adaptive  array  systems  in  which 
the  reference  signal  is  generated  from  the  array  output  in  a bootstrap 
loop[7,8,9].  In  such  systems,  the  phase  shift  around  the  reference 
signal  generation  loop  is  normally  adjusted  so  the  reference  signal  is 
in  phase  with  the  desired  signal  at  the  array  output.  In  the  presence 
of  offset  voltages,  the  array  may  be  seeking  a steady-state  condition 
in  v/hich  the  array  output  is  not  in  phase  with  the  reference  signal. 
Thus,  as  the  reference  signal  phase  tracks  the  phase  of  the  array 
output,  a cycling  of  the  weights  may  result. 
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(144) 


2(op^+a2)^ 


1 + 1 (>s-j  cos4>i  - ^2  sin4>-  + 53)"! 


^ (61  sin^)-]  + f^2  coss*>i  + 

= 'll  + - (6]  cos.^-1  - 62  sinoi  + 63) 

2(onW)  L a 

+ -y  (6-]^+62^+63^  +64^)  + (<5]63  coS({)-]  - 6363  sinci] 

+ 6] 64  sincjc]  + 6264  cose.])! 


Similarly,  the  total  noise  power  at  the  array  output  is  found  to  be: 


(145) 


+ (20n2+2a^0n^+a‘^)(6i^+62^+63^+54^)  - 


+2ao^'^(6l  cos<>i  - 62  sin<)^) 

2a^(20p^+a^) 


(6]63  costj)-!  + 6]64  sinc^l  - <5263  sin<>]  + 6264 


y I / 


a 1 

■*■  2 a0p  6 o 1 

J 


The  SNR  can  be  calculated  from  these  two  quantities  for  specific  values 
of  6i  and  <)] . As  an  example,  suppose  6-i  = 62  = 64  = 0 and  63  ^ 0. 

Then  we  find 


(146) 


2(0f,2+a^) 


. 1 


^ 2 'i 

'53  I 

a2  / 


2(0n2+a2) 


and 
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(147) 


No  = 


2o 


1 


Hence 


(148) 
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! 

4 J 

(2a„^  . 

a2 

tl 

a 

i 

1 ^3 

J a . 

7 


This  SNR  is  smaller  than  the  SNR  in  the  absence  of  offsets,  as 
expected.  It  is  interesting  that  for  a fixed  offset  voltage  6-,  there 
is  a maximum  SNR  that  can  be  obtained.  Differentiating  Eg.  (1^8)  with 
respect  to  the  quantity  a /a^  shows  that  Sq/Nq  is  maxinium  when 


For  this  value  of  a^/op^,  Sq/Nq  is  found  to  be 


(150) 
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Larger  or  smaller  values  of  ^ than  that  in  Eg.  (149)  yield  lower 
overall  output  SNR.  The  ma;<imum  output  SNR  is  larger,  of  course,  the 
smaller  63/a. 


V.  P, TACTICAL  SYSTEM  LIMITATIONS 

In  addition  to  the  effect  of  offsets  on  the  final  weights  and  the 
array  performance,  discussed  above,  there  is  another  practical  aspect 
of  the  problem.  In  a real  system  the  array  weights  have  only  a finite 
linear  operating  range.  Each  weight  is  the  output  of  an  integrator, 
usually  implemented  with  an  operational  amplifier.  Tine  output  of  this 
integrator  will  have  only  a certain  range  over  which  it  can  vary.  Thus, 
if  the  theoretical  solution  for  the  weight  behavior  indicates  that  the 
weight  should  increase  to  a large  value,  it  may  not  be  capable  of 
achieving  that  value  because  of  equipment  limitations. 

Consider  again  the  equations  for  the  normal  weights  ni(t).  Some 
of  these,  in  particular  those  associated  with  zero  eigenvalues  of  c>s 
(for  which  the  eigenvalue  of  bg+n  satisfy  the  differential 

Eq.  (26), 


(151) 


dni 

dt~  + 2ka^^ni 


2k(pi  + q^) 


whose  solution  is  given  by  Eqs.  (27)  and  (28), 


052)  ni(t)  = 


Pi  Pi 

ni(0)  - 


■2ko/t  p.j  + Pt 


This  is  a transient  starting  at  ni(0)  and  ending  at  a final  value  of 


Pi  + Pi 

(153)  n.j(")  = 2 


as  shown  in  Fig.  5. 

For  nonzero  Pj  or  q-; , this  final  value  becomes  arbitrarily  large  as 
0,  so  it  can  easily  dominate  the  steady-state  solution  for  the 
w-j . If  is  small  enough,  these  terms  drive  the  w-j  to  the  limdts 
of  their  operating  range. 
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Pig-  5.  Transient  response  of  n-j(t). 


the  weights  were  given  in  (]32) 

o„2.  tne  final  vaLs  of  a4'g1L  appJfxi.SjeNjT/-^" 


(154)  W](“)  = _ (i5i  - cos^]  - 6^  sinij)]) 

(155)  w2(co)  = — (62  + 63  sinoi  - 64  cos^i) 

da^i 


(156)  W3(oo)  = 2 ('^3  " “il  coS(>i  + 62  sin(j>i) 


2o 


(157)  W4(oo)  = 2 ^*^4  ■ sinsji-)  - 62  cos^.]) 
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As  long  as  the  offsets  are  not  zero,  these  weiahts  can  be  arbitrarily 
large  for  small  0^^.  Clearly,  the  larger  the  5-|  , the  larger  cr,  will 
have  to  be  to  keep  each  of  the  weights  within  its  linear  operating 
range . 


When  one  of  the  weights  hits  its  saturation  limit  during  an 
adaptation  transient,  the  value  of  that  weight  remains  constant  from 
then  on.  The  behavior  of  the  system  after  tins  time  can  be  found  by 
setting  up  a new  system  of  differential  equations  for  the  remaining 
v/eights.  If  the  array  is  noise-free  and  the  '!>  matrix  is  singular, 
fixing  one  of  the  v^eights  will  reduce  the  order  of  the  system  to  2W-1 
without  reducing  the  rank  of  the  (new)  4>  matrix  for  the  remaining 
2N-1  weights.  In  general,  as  many  v/eights  will  go  into  saturation  as 
are  required  to  reduce  the  number  of  remaining  variable  weights  to  tne 
rank  of  o.  Expressed  another  way,  each  v;eight  going  into  saturation 
uses  up  one  of  the  unneeded  degrees  of  freedom  in  the  antenna  pattern. 

As  many  will  go  into  saturation  as  there  are  extra  degrees  of  freedom. 

If  element  noise  is  present,  so  is  nonsingular,  the  final  v/eight 
vector  obtained  if  one  of  more  weights  go  into  saturation  will  no  longer 
yield  minimum  error  signal.  Since  there  are  no  extra  degrees  of  freedom 
when  noise  is  present,  there  is  a unique  weight  vector  yielding  minim, urn 

If  this  vjeight  vector  lies  outside  the  linear  operating  range 
for  some  of  the  weights,  it  cannot  be  attained  by  the  array.  When 
certain  of  the  vieights  are  constrained  by  saturation,  the  remaining 

weights  will  go  to  the  values  yielding  minimum  r.2( fj  subject  to  the 

weight  constraints.  This  value  of  c^(t)  will  not  be  as  low,  however, 
as  could  have  been  obtained  without  the  constraints. 


VI.  CO.WCLUSIOWS 

The  effect?  of  multiplier  offset  voltages  have  been  studied.  The 
offset  voltages  enter  the  differential  equations  for  the  array  weights 
as  shov/n  in  Eqs.  (8)  or  (13).  These  equations  may  be  solved  by  miaking  a 
coordinate  rotation  of  the  weights,  as  shown  in  Eq.  (14).  The  resulting 
differential  equations,  Eq.  (21),  can  be  solved  for  the  normal  weights 
ni(t)  versus  time.  When  the  ❖ matrix  in  Eq.  (9)  is  singular  (which 
happens  only  when  the  array  is  noise-free  and  there  are  fewer  signals 
incident  than  there  are  elements),  certain  of  the  ni(t)  exhibit  ramp 
solutions,  as  given  in  Eq.  (31).  In  this  case,  the  weights  w-j  rise  to 
arbitrarily  high  values.  For  the  noisy  case,  all  ni(t)  have  decaying 
exponential  solutions  of  the  type  in  Eq.  (27).  In  this  case,  the  weights 
w-j  can  also  rise  to  very  large  final  values  if  offset  voltages  are  pre- 
sent and  there  is  insufficient  noise. 

A simple  exam, pie  was  given  in  Section  IV  to  illustrate  the  appli- 
cation of  these  results  to  a specific  case  --  a 2-element  array  with 
one  signal  incident  and  noise  present.  The  effects  of  the  offsets  may 


41 


be  seen  in  the  resulting  weight  behavior.  For  given  offsets,  mere 
is  a minimum  amount  of  noise  for  v/hich  the  effect  of  the  offsets  is 
negligible.  As  the  noise  is  reduced  below  this  value,  the  offset 
terms  dominate  the  weight  solutions.  The  output  SNR  from  the  array, 
which  would  be  optimum  in  the  absence  of  the  offsets,  is  found  to  be 
degraded  because  of  the  offsets.  Furthentore , it  is  shown  that  witn 
offset  voltages  present,  there  is  a maximum  output  SNR  that  car.  be 
achieved.  Input  noise  levels  that  are  either  too  high  or  too  low  re- 
sult in  a poorer  output  SNR  from  the  array. 

Finally,  it  is  shown  that  the  finite  operating  range  of  the 
weights  in  real  equipment  imposes  a further  constraint  on  the  accept- 
able values  of  the  offset  voltages  and  the  noise. 
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;arrays . Multiplier  offset  voltages  arise  when  active  circuits  are  used  to  i 
implement  the  error-by-signal  multipliers  required  in  an  array  based  on  the  LMS, 
algorithm.  These  offset  voltages  are  known  from  experimental  work  to  have  a j 
strong  effect  on  array  performance.  ! 

It  is  first  shown  how  multiplier  offset  voltages  may  be  included  in  ihe  1 

differential  equations  for  the  array  weights.  Then  their  effect  on  weigh  a | 

behavior  is  studied.  It  is  found  that  the  offset  voltages  affect  the  final  ! 
values  of  the  weights,  but  not  the  time  constants.  Furthermore,  tne  effect  they 
have  is  influenced  by  the  am.ount  of  element  noise  in  the  array.  Ad  adequate  ' 
lam.ount  of  noise  is  necessary  to  minimize  weight  errors  due  to  offset  voltages,  i 
An  example  is  treated  to  show  the  effect  of  offset  voltages  on  the  final  ! 
!array  weights  and  the  output  SNR.  With  offset  voltages  present,  it  is  found  j 

jthat  there  is  a maximum  SNR  that  can  be  obtained  from  the  array.  A specific  i 

linput  SNR  is  required  to  obtain  this  maximum  output  SNR.  1 

Finally,  it  is  shown  that  a finite  operating  range  for  the  v;eights  places  a. 
{further  restriction  on  the  acceptable  values  of  offset  voltages  ana  noise.  ^ 


DO  AORM 
I JAN  64 


UNCLASSIFIED 


Security  Classification 


Security  ( lassUic.ktioo 


} k.  • S ^ A 


• T HC^L.  mJ 


Antennas 

Arrays 

Adaptive  arrays 
Interference  rejection 


1.  CiilCI.NATING  ACTIVITY:  Knler  the  r.uric  and  afidresi 
oi  tjic  corvUaCkor,  t.ubcor*Uk.o;af , grat\U*v*,  Departmen;  o; 
Dofcn.se  activity  or  other  or^ani^ution  (corporuie  author; 
i5ftuing  the  report. 

2o.  KEPORT  SECiaiTY  CI.A.SSiyiCATION:  Enter  the  over- 
all security  classification  of  the  report.  Indicate  whether 
"Ucstrictcd  Data"  is  included.  Mk.:king  in  to  be  in  accord- 
ance with  appropriate  security  rejj;ulalion5. 

2b,  CROt’P:  Automatic  dowt^radin^  is  specified  in  DoD 
Directive  5200.10  and  Armed  Forces  Industrial  Manual. 

Enter  the  group  number.  Also,  when  unplicable,  show  t.'mt 
optional  mackvngs  have  been  used  (oc  c»coup  i and  Group  A 
as  authorised. 

3.  REPORT  TITLE;  Enter  the  complete  report  title  in  all 
capital  letters.  Titles  in  all  cases  should  be  unclassified. 

If  a meaningful  title  cannot  be  selected  without  classitica- 
tion,  show  title  classification  in  all  capitals  in  parenthesis 
iiTuriediatrly  following  the  title. 

■4.  DKSCltlPTlVE  NOTES:  If  appropriate,  enter  ihe  type  of 
report,  r.g..  inieriin,  progress,  su:nmurv,  annual,  or  final. 

C.ivc  the  inclusive  dates  wiien  a specific  reporting  period  is 
covered. 

5.  Al'THOiUM:  Enter  the  namelol  of  author(s)  as  shown  on 
or  in  the  report.  Enter  last  name,  first  name,  middle  initial. 

If  military,  show  rank  and  brunch  of  service.  The  name  of 
the  principal  author  is  an  absolute  minimum  requirement. 

6.  HEPOllT  DATE:  Enter  the  date  of  the  report  as  day, 
month,  year,  or  month,  year.  If  more  than  one  dale  appears 
on  the  report,  use  date  of  publication, 

7a.  TOTAL  NUMDER  Or  PACES:  The  total  page  count 
should  follow  normal  pagination  procedures,  i.e.,  enter  the 
number  of  pages  containing  information. 

7b.  NFMIiER  OK  ilEKERENCES:  Enter  the  total  number  of 
references  cited  in  the  report* 

8j.  contract  or  chant  Nt*MDER:  If  appropriate,  enter 
the  applicable  number  of  trio  cor.tr*.ci  or  grunt  under  which 
the  report  was  written. 

db,  Se.  i 8d.  PROJECT  MMDER:  Enter  the  appropriate 
military  department  ident if ir»uo.*i,  ouch  an  project  number, 
subproject  number,  system  nur.ibcra,  tusk  nua.ber,  etc. 

da.  OlUCISATOirS  REPORT  NllV.UERfS):  Enter  the  offi- 

ci«i  report  aumuer  by  which  the  document  will  be  identified 
a..d  controlled  by  the  originating  activity.  Tnis  number  must 
..e  unique  to  tn.s  report. 

V^.  OTHER  REPORT  MJMDERhS);  if  the  report  has  been 
ass.gned  any  other  report  numbers  fetiher  by  the  originator 
or  by  iht  iposior;,  ai»o  onier  ittis  numberis). 


rnucTiONs 

10.  AVA1LAB:L1TY/LIM!TAT:0N  NOTICE.S:  Enter  nny  l.,m- 
lations  on  further  dissen..r...i.k.n  of  ih.-  repo.*!,  o:.,.  r inun  taohe 
impu.scd  by  security  clasMficution,  us.ng  stand.irQ  Malements 
such  us: 

(U  ’'Qualified  recucMcrs  may  obtain  copies  of  tn.s 
report  from  DDC." 

(2)  "foreign  announcomen:  and  dissemination  of  this 
r«ij)ort  by  Di^C  is  not  authorized.” 

(3)  "U.  S.  t,.overr.mc:i;  i.|;encies  mav  obtain  copies  of 
this  report  directly  from  DGC.  0:hct  qualiiied  DI>C 
users  shall  request  through 

(4)  ‘T.  S.  m liiory  agencies  mav  obtain  copies  of  this 
report  tiireclly  from  DDv..  Other  qualified  us«*rs 
shall  request  through 

(5)  "All  distribution  of  this  report  is  controlled.  q>ualt- 
(led  DDC  users  sh.ill  requ<*si  througf. 

If  th  e report  has  been  furnished  to  the  Office  of  Teehiueal 
Services,  Department  of  Commerce,  for  sale  to  the  pu^Ee,  mji- 
cate  thii>  fact  and  enter  the  price,  if  known. 

1 i.  SUPPLEMENTARY  NOTES:  Use  for  addiiion.il  evpUna- 
lory  notes. 

12.  SPONSORING  MILITARY  ACTIVITY;  Enter  the  name  of 
the  dcparl.T.cntal  project  office  or  Icboraiorv  sponsv.r.r.^  .'po>- 
ing  /or;  the  roseurch  and  development.  Include  address. 

13.  ABSTR.ACT:  Enter  an  abotruci  fiv.ng  a brief  and  (actual 
summary  of  the  uocu.mca:  indicative  of  the  report,  even 
though  it  may  also  appear  cisev.',iere  ,n  the  body  ol  the  t»*cl.. 
ntcui  report.  If  aCd;tior.al  upace  is  required,  a continuation 
sheet  shall  be  attached. 

It  is  highly  ceMfable  that  the  absiri.i-t  of  cla.vsjfied  re- 
ports be  uncluasificd.  K«v  ,*>  p^..  .aph  of  :i  e iibM.ui  t shall 
end  with  an  indication  of  the  nwir.arv  sceurity  cl,.ssj(icaiion 
of  the  info.'malion  in  the  paragraph,  rcprcae.ntVd  us  (Tbt,  LS; 
(C),  or  fC’;. 

There  is  no  limilctior.  on  the  Icn  -th  jI  the  at-Mrai  t.  How- 
ever,  the  suggested  length  IS  from  iOo  to  b wwrd.s, 

!•#.  KEY  RORDS:  Key  word.s  are  tecni.i>...lv  n.c  .i.migfu. 
or  short  phruses  that  cnara«  ti-rue  u re,.Of;  ..nd  ir..»v  b,  used  .i.% 
•ndev  entries  for  c.ita.oysr--  iKe  r<*:  on.  rvi’’.  wor>:.,  Tii.si  *>e 
selected  so  that  no  f.r<  utity  via*  .‘.fical  .or.  .>  rc-,auf-a,  ld.*nti. 
fiers,  sum  as  rquiprncni  modi  I d*  -./r.a.*or.,  ifudr  n.u  .e. 
tary  project  code  no;,.e.  arogr..^l.u.  Ioc«...i:.,  may  Ur  us.  a „s 
key  words  but  wil.  ne  foLowcu  l>v  un  inJicatiO.n  of  te«hntial 
context.  1 nr  assignment  of  links,  rules,  anw  weights  is 
optional. 


